Abstract. The es-splitting operation for binary matroids is a natural generalization of Slater's n-line splitting operation on graphs. In this paper, we characterize the closure operator of the es-splitting binary matroid M e X in terms of the closure operator of the original binary matroid M . We also characterize the flats of the es-splitting binary matroid M e X in terms of the flats of the original binary matroid M .
Introduction
The es-splitting operation for binary matroids is a natural generalization of n-line splitting operation on graphs. The n-line splitting operation on graphs is specified by Slater [9] as follows.
Let G be a graph and e = uv be an edge of G with deg u ≥ 2n − 3 with u adjacent to v, x 1 , x 2 , ..., x k , y 1 , y 2 , ..., y h , where k and h ≥ n − 2. Let H be the graph obtained from G by replacing u by two adjacent vertices u 1 and u 2 , with v adj u 1 , v adj u 2 , u 1 adj x i (1 ≤ i ≤ k), and u 2 adj y j (1 ≤ j ≤ h), where deg u 1 ≥ n and deg u 2 ≥ n. The transition from G to H is called an n-line splitting operation. In other words, we say that H is an n-line splitting of G. This construction is explicitly illustrated with the help of We study the relation between incidence matrices of the graphs G and H, respectively. Suppose G is a graph with n vertices and m edges. Let X = {e, x 1 , x 2 , · · · , x k } be a subset of set of edges incident at u. The incident matrix A of G is a matrix of size n × m whose rows correspond to vertices and columns correspond to edges. The row corresponding to the vertex u has 1's in the columns of e, x 1 , x 2 , · · · , x k , y 1 , y 2 , · · · , y h and 0 in the other columns. The graph H has (n + 1) vertices and (m + 2) edges. The incidence matrix A ′ of H is a matrix of size (n + 1) × (m + 2). The row corresponding to u 2 has 1 in the columns of y 1 , y 2 , · · · , y h , γ, a and 0 in other columns, where as the row corresponding to the vertex u 1 has 1 in the columns of e, x 1 , x 2 , · · · , x k , a and 0 in other columns.
One can see that the matrix A ′ can be obtained from A by adjoining an extra row (corresponding to the vertex u 1 ) to A with entries zero every where except in the columns corresponding to e, x 1 , x 2 , · · · , x k where it takes the value 1. The row vector obtained by addition(mod 2) of row vectors corresponding to vertices u and u 1 will corresponds to the row vector of the vertex u 2 and adjoining two columns labelled a and γ to the resulting matrix such that the column labelled a is zero everywhere except in the row corresponding to u 1 where it takes the value 1, and γ is sum of the two column vectors corresponding to the elements a and e in A ′ . Noticing the above fact, Shikare and Azanchiler [1, 2] extended the notion of n-line-splitting operation from graphs to binary matroids in the following way: Definition 1.1. Let M be a binary matroid on a set E and let X be a subset of E with e ∈ X. Suppose A is a matrix representation of M over GF (2) . Let A e X be a matrix obtained from A by adjoining an extra row δ X to A with entries zero every where except in the columns corresponding to the elements of X where it takes the value 1 and then adjoining two columns labelled a and γ to the resulting matrix such that the column labelled a is zero everywhere except in the last row where it takes the value 1, and γ is the sum of the two column vectors corresponding to the elements a and e. The vector matroid of the matrix A 
Properties of es-splitting matroids
Several properties concerning es-splitting operation have been explored in [2, 3, 4, 5, 8] . The following proposition characterizes the circuits of the matroid M e X in terms of the circuits of the matroid M (see [2] ). Proposition 2.1. Let M (E, C) be a binary matroid on E together with the collection of circuits C. Suppose X ⊆ E, e ∈ X and a, γ / ∈ E. Then M e X = (E ∪ {a, γ}, C ′ ) where C ′ = C 0 ∪ C 1 ∪ C 2 ∪ C 3 ∪ {∆} with ∆ = {e, a, γ} and C 0 = {C ∈ C | C contains an even number of elements of X };
and each of C 1 and C 2 contains an odd number of elements of X such that C 1 ∪ C 2 contains no member of C 0 }; C 2 = {C ∪ {a} | C ∈ C and C contains an odd number of elements of X};
∈ C and C contains an odd number of elements of X } ∪ {(C \ e) ∪ {γ} | C ∈ C, e ∈ C and C contains an odd number of elements of X } ∪ {(C \ e) ∪ {a, γ} | C ∈ C, e ∈ C and C \ e contains an odd number of elements of X }.
We denote by C OX the set of all circuits of the matroid M each of which contains an odd number of elements of the set X ⊆ E(M ). The members of the set C OX are called OX-circuits. On the other hand, C EX denotes the set of all circuits of M each of which contains an even number of elements of the set X. The members of the set C EX are called EX-circuits.
Let M be a matroid on E with rank function r. Then the function cl from 2 
Lemma 2.3.
[6] Suppose M is a matroid on E with the rank function r, A ⊆ E and x ∈ cl(A). Then cl(A ∪ x) = cl(A).
Let cl and cl ′ be the closure operators of M and M e X , respectively. The following result characterizes the rank function of the matroid M e X in terms of the rank function of the matroid M (see [2, 4] 
The following result follows immediately from Lemma 2.4.
Corollary 2.5. If r and r ′ denote the rank functions of M and M e X , respectively then r ′ (M e X ) = r(M ) + 1. Proposition 2.6. Let M be a matroid on E, X ⊂ E, C ∈ C OX and C ′ ∈ C EX such that e ∈ C ⊆ (A ∪ e) and e ∈ C ′ ⊆ (A ∪ e). Then there is a circuit
Proof. C ∈ C OX and C ′ ∈ C EX are circuits of M such that e ∈ C ⊆ (A ∪ e) and e ∈ C ′ ⊆ (A ∪ e). Then the symmetric difference (C∆C ′ ) contains a circuit C ′′ containing an odd number of elements of X.
Let M be a matroid on a set E with rank function r, X ⊂ E and A ⊆ E. Then for a subset A of E we define the sets T (A) and F (A) as follows.
(1) T (A) = {x ∈ (E − A) | x = e and there is a circuit C ∈ C OX of M such that x, e ∈ C and C ⊆ (A ∪ e) ∪ x}.
such that x ∈ C and C ⊂ cl(A). We have the following proposition.
Proposition 2.7. If e ∈ cl(A), then the set T (A)⊆ cl(A).
Proof. Let e ∈ cl(A) and x ∈ T (A). Then there is a circuit C of the matroid M such that x ∈ C and C ⊆ A ∪ {e, x}. Consequently, x ∈ cl(A ∪ e). Since e ∈ cl(A), cl(A ∪ e) = cl(A). Thus x ∈ cl(A).
The Main Theorem
Throughout this section, we assume that M is a binary matroid on a set E and M e X is the splitting matroid of M with respect to the subset X of E and e ∈ X. Further, A ′ ⊆ E ∪ {a, γ} and A = A ′ \ {a, γ}. In the following Theorem we characterize the closure operator of the essplitting matroid M e X in terms of the closure operator of the matroid M . Theorem 3.1. Let M be a binary matroid on a set E and M e X be the splitting matroid of M with respect to a subset X of E where e ∈ X. Suppose A ′ ⊆ E ∪ {a, γ} and
The proof of Theorem 4.1 follows from Lemmas 3.2, 3.3, 3.4, 3.5, 3.6, 3.7 and 3.8.
′ is a circuit of M or C ′ is the union of two circuits C 1 and C 2 , where
Thus, a ∈ C ′ ⊆ A ∪ a and hence C ⊆ A. This is a contradiction to the fact that A contains no member of C OX . Therefore, x = a. If x = γ, then one of the following cases occurs.
(i) C ′ = C ∪ {e, γ} ⊆ A ∪ γ where e / ∈ C and C contains an odd number of elements of X in M . Then x ∈ C ′ = C ∪ {e, γ} ⊆ A ∪ γ and this implies that C ⊆ A but this is a contradiction.
(ii) C ′ = (C \ e) ∪ γ ⊆ A ∪ γ where C contains an odd number of elements of X and e ∈ C. It follows that e ∈ C OX ⊆ A ∪ e; a contradiction.
contains an odd number of elements of X and e ∈ C. This implies that a ∈ A which is also a contradiction. Therefore, x = γ and cl
We illustrate the above Lemma with the help of following example. Proof. Suppose, A ′ = A and cl(A) contains no OX-circuit.
′ is a circuit of M or C ′ is the union of two circuits C 1 and C 2 , belonging to the set C OX . If C ′ is a circuit of M , then C ′ is an EX-circuit. Therefore, x ∈ cl(A). On the other hand, if C ′ = C 1 ∪ C 2 , then without loss of generality assume that x ∈ C 1 . Then
X and this implies that C ′ = C ∪ a where C ∈ C OX is a circuit of M . But a ∈ C ′ ⊆ A ∪ a implies that C ⊆ A and this is a contradiction to the fact that A contains no member of C OX . Therefore, x = a.
It follows that C ′ has one of the following three types of forms.
(i) C ′ = C ∪ {e, γ} ⊆ A ∪ γ where e / ∈ C and C ∈ C OX is a circuit of M . Then C ⊆ A and we get a contradiction.
(ii) C ′ = (C \ e) ∪ γ ⊆ A ∪ γ where C ∈ C OX is a circuit of M and e ∈ C. Consequently, C ⊆ A ∪ e and e ∈ cl(A). This is a contradiction to the fact that e / ∈ cl(A).
OX is a circuit of M and e ∈ C. We conclude that C ⊆ A∪e and hence e ∈ cl(A), a contradiction. Conversely, let x ∈ cl(A). If x ∈ A, then we are through. If x ∈ cl(A) − A, then there is a circuit C of M such that x ∈ C ⊆ A ∪ x. As cl(A) contains no member of C OX , C contains an even number of elements of X. Thus C is also a circuit of M e X . Thus, x ∈ cl ′ (A ′ ). This completes the proof of the Lemma.
In order to elaborate the above Lemma, consider A ′ = {1, 5} in Example 1. Then A ′ = A, cl(A) = {1, 5, 6} and cl ′ (A ′ ) = {1, 5, 6}.
Lemma 3.4. Suppose e / ∈ cl(A) and one of the following conditions is true.
Proof. Suppose e / ∈ cl(A), A ′ = A and there is an OX-circuit in A.
′ is a circuit of M or C ′ is the union of two circuits C 1 and C 2 , from the set C OX . If C ′ is a circuit of M , then C ′ is an EX-circuit. Therefore, x ∈ cl(A). On the other hand if C ′ = C 1 ∪ C 2 , then without loss of generality, assume that x ∈ C 1 and C 1 ⊆ A ∪ x. Consequently, x ∈ cl(A). If x = a, then x ∈ cl(A) ∪ a and if x = γ, then γ ∈ C ′ ⊆ A ∪ γ and e / ∈ cl(A). This implies that C ′ has one of the following three forms.
(i) C ′ = C ∪ {e, γ} ⊆ A ∪ γ where e / ∈ C and C ∈ C OX is a circuit of M . Then x ∈ C ′ = C ∪ {e, γ} ⊆ A ∪ γ. This implies that e ∈ A, a contradiction.
(ii) C ′ = (C \ e) ∪ γ ⊆ A ∪ γ where C ∈ C OX is a circuit of M and e ∈ C. Then e ∈ cl(A) and this leads to a contradiction. (iii) C ′ = (C \ e) ∪ {a, γ} ⊆ A ∪ γ where (C \ e) ∈ C OX is a circuit of M and e ∈ C. We conclude that e ∈ cl(A), a ∈ A and this leads to a contradiction. Therefore, x = γ and cl
. If x ∈ A, then we are through. Suppose x ∈ cl(A) − A and let C be a circuit of M contained in X such that Proof. Suppose A ′ = A and A ∪ e contains an OX-circuit but A contains no
′ is a circuit of M or C ′ is the union of two circuits C 1 and C 2 , from the set C OX . If C ′ is a circuit of M , then C ′ is an EX-circuit. Therefore, x ∈ cl(A)−F (A). On the other hand, if C ′ = C 1 ∪ C 2 , then without loss of generality assume that x ∈ C 1 . Then
This implies that C ′ = C ∪ a for some C ∈ C OX . Consequently, C ⊆ A. This is a contradiction to the fact that A contains no member of C OX . Therefore, x = a.
. This completes the proof.
To ellaborate the above Lemma, let A = {2, 6} in Example 1. Then A ′ = A, cl(A) = {2, 6, y}, F (A) = {y} and cl
Lemma 3.6. Let A ′ = A ∪ γ, e / ∈ cl(A) and cl(A) contains an OX-circuit but A contains no OX-circuit. Then cl
′ , then C ′ ⊆ A ∪ {γ, x} and one of the following four cases occurs. (i) C ′ = C ∪ {e, γ} where C is a member of C OX and e / ∈ C. Then x ∈ C ′ = C ∪ {e, γ} ⊆ A ∪ {γ, x} and this implies that x ∈ (C ∪ e) ⊆ A ∪ x. Consequently, x = e ∈ cl(A) and C ⊆ A but this is a contradiction.
(ii) C ′ = (C \ e) ∪ {a, γ} where C is a circuit of M containing e and C \ e is a member of C OX . Then x ∈ C ′ = (C \ e) ∪ {a, γ} and C ′ ⊆ A ∪ {γ, x} therefore, (C \ e) ∪ a ⊆ A ∪ x. Consequently, x = a and (C \ e) ⊆ A. As C ⊆ A ∪ e, it follows that C is a member of C EX contained in cl(A). This is a contradiction to the fact that e / ∈ cl(A).
where C is a circuit of M containing e and C ∈ C OX . Then x ∈ C ′ = (C \ e) ∪ γ ⊆ A ∪ {γ, x} and hence x ∈ C \ e ⊆ A ∪ x. Thus, x ∈ C ⊆ A ∪ {e, x} and x ∈ T (A) as desired.
(iv) C ′ = {a, e, γ}. Then x ∈ C ′ = {a, e, γ} ⊆ A ∪ {γ, x} and x = a or x = e. In either case, we get a contradiction. If γ / ∈ C ′ , then C ′ ⊆ A ∪ x and one of the following two cases occurs.
containing an even number of elements of X. Then
Then by argument similar to one as in the proof of Lemma 3.2, we conclude that x ∈ cl(A)− F (A).
(ii) C ′ is a circuit of M e X containing an odd number of elements of X. Then C ′ = C ∪a ⊆ A∪x where C ∈ C OX . This implies that x = a and C ⊆ A, a contradiction. Therefore, C ′ contains an even number of elements of X.
For iilustation of the above Lemma, let A = {4, 5, γ} in Example 1. Then A = {4, 5}, cl(A) = {4, 5, x}, F (A) = {x}, T (A) = {3} and cl
Proof. Suppose A ′ = A ∪ γ, cl(A) contains no OX-circuit and e / ∈ cl(A). If
′ , then C ′ has one of the following forms.
(i) C ′ = C ∪ {e, γ} where C ∈ C O X and e / ∈ C. Then x ∈ C ′ = C ∪ {e, γ} ⊆ A ∪ {γ, x}. This implies that C ⊆ A and x = e which is not possible as A contains no member of C OX .
(ii) C ′ = (C \ e) ∪ {a, γ} where C is a circuit of M such that e ∈ C and C \ e contains an odd number of elements of X. Then x ∈ C ′ = (C \ e) ∪ {a, γ} ⊆ A ∪ {γ, x} and (C \ e) ∪ a ⊆ A ∪ x. Therefore, x = a and (C \ e) ⊆ A. Further, C ⊆ A ∪ e implies that e ∈ cl(A) and this is a contradiction to the fact that e / ∈ cl(A).
where e ∈ C and C ∈ C OX is a circuit of M . Then x ∈ C ′ = (C \ e) ∪ γ ⊆ A ∪ {γ, x} and this implies that x ∈ C \ e ⊆ A ∪ x. That is x ∈ C ⊆ A ∪ {e, x}. We conclude that x ∈ T (A).
(iv) C ′ = {a, e, γ}. Then x ∈ C ′ = {a, e, γ} ⊆ A ∪ {γ, x} and we conclude that x = a or x = e. In either case, we get a contradiction. We conclude that, cl
As cl(A) contains no member of C OX , C ∈ C EX . Thus, C is also a circuit of M e X and x ∈ cl ′ (A ′ ). In the case x ∈ T (A), there is a circuit C of M such that x ∈ C ⊆ A ∪ {e, x}. Then
To exemplify the above Lemma, let A = {1, 6} in Example 1. Then
Lemma 3.8. Suppose one of the following conditions is satisfied (1) A ′ = A ∪ {a, γ}; (2) A ′ = A ∪ a and e ∈ cl(A); (3) A ′ = A ∪ γ and A contains an OX-circuit; (4) A ′ = A ∪ γ and e ∈ cl(A); and (5) A ′ = A, A contains an OX-circuit and e ∈ cl(A).
In either case x ∈ cl(A). Therefore, we conclude that cl ′ (A ′ ) ⊆ cl(A) ∪ {a, e, γ}. Conversely, let x ∈ cl(A) ∪ {a, e, γ}. If x = a, then in Case 1) and 2) a ∈ A ′ . Case 3) If C is a member of C OX contained in A, then
′ and e ∈ cl(A), then there is a EX or OX-circuit C containing e. Then C ′ = (C \ e) ∪ {a, γ} or
In Cases 2 and 5, e ∈ cl(A) then one of the following two cases occurs.
(i) e ∈ C ⊆ A ∪ e where C ∈ C OX and C ⊆ cl(A).
. In all the above cases, we observe that a, γ ∈ cl ′ (A ′ ). Consequently, {a, e, γ} forms a circuit in M e X and hence e ∈ cl ′ (A ′ ). This completes the proof.
We illustrate the above Lemma with the help of Example 1 for different types of A.
(1) If A ′ = {a, γ} then cl ′ (A ′ ) = {a, e, γ}. 
Flats of es-splitting matroids
In the following Theorem we characterize the flats of the es-splitting matroid M e X in terms of the flats of the matroid M . The proof of Theorem 4.1 follows from Lemmas 3.2, 3.3, 3.4, 3.5, 3.6, 3.7 and 3.8. We illustrate the above Theorem with the help of Example 1. The set of all flats of M {{1}, {2}, {3}, {4}, {5}, {6}, {x}, {y}, {1, 4}, {1, 3}, {1, x}, {1, y}, {1, 2}, {2, 3}, {2, 4}, {2, 5}, {2, x}, {3, 4}, {3, 5}, {3, 6}, {4, 6}, {4, y}, {1, 5, 6}, {x, y, 3}, {2, 6, y}, {1, 2, 3, 4}, {4, 5, x}, {1, 2, 5, 6, y}, {3, 4, 5, x, y}, {1, 4, 5, 6, x}, {2, 3, 6, x, y}, E}.
The set of all flats of M e x,y is {{1}, {2}, {3}, {4}, {5}, {6}, {x}, {y}, {a}, {γ}, {1, 4}, {1, 3}, {1, x}, {1, y}, {1, 2}, {2, 3}, {2, 4}, {2, 5}, {2, x}, {3, 4}, {3, 5}, {3, 6}, {4, 6}, {4, y}, {1, a}, {2, a}, {3, a}, {4, a}, {5, a}, {6, a}, {x, a}, {1, γ}, {3, γ}, {4, γ}, {5, γ}, {x, γ}, {1, 5, 6}, {x, y, 3}, {a, y, γ}, {2, 6, γ}, {1, 2, 3, 4}, {4, 5, a, x}, {1, 2, 5, 6, γ}, {3, a, x, y, γ}, {2, 6, a, y, γ}, {3, 4, 5, a, x, y}, {1, 4, 5, 6, a, x}, {1, 2, 5, 6, a, y, γ}, {2, 3, 6, a, x, y, γ}, E}.
